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Abstract. We show that analytic torsion of smooth theta divisor is represented by 
a Siegel modular form characterizing the Andreotti-Mayer locus when g > 1. 



1. Introduction 

In the theory of modular forms of one variable, the unique cusp form of weight 
12 called Jacobi's A-function: 

oo 

(1.1) A(r) =ql[{l- q = exp(27rzr) 

n=l 

is one of the most important objects. There are several view points to see it. From 
an algebraic view point, it is the discriminant of elliptic curves. To be precise, 
let := C/Z © Zr (r G H) be an elliptic curve and take its Weierstrass model: 
= 4x^ — (72 (t) a; — 93{t)- Jacobi discovered the following formula: 

(1.2) g2{Tf-27gs{rf = {27r)''A{T). 

Namely A(r) is the discriminant of the polynomial 4x^ — g2{T)x — (73 (r). 

From an analytic view point, A(r) is essentially the Ray-Singer analytic torsion. 
Equipped with the Kahler metric Qr = (Imr)~^|(iz|^, analytic torsion of (the trivial 
line bundle on) Ej- is, by definition (Definition 2.1), t{Et-) = exp((^^(0)) where 

(1-3) C.(^) = (2.r)-- J2 

(m,n)#(0,0) 

is the ^-function of Laplacian. Then, Kronecker's first limit formula yields 
(1.4) r(i?.) = (27r)2||A(r)||-i 

Here, ||/(t)|P := (Imr)'^|/(r) p is the Peteresson norm. A naive consideration 
expects that analytic torsion of an Abelian variety might yield a higher dimensional 
analogue of Jacobi's A-function. Unfortunately, it is not the case. In fact, Ray- 
Singer ([R-S]) showed that analytic torsion of an Abelian variety of dimension > 2 
equipped with any flat Kahler metric is 1. 



The purpose of this article is to show that analytic torsion of the theta divisor 
is represented by a Siegel modular form analogous to Jacobi's A-function. 

Let &g be the Siegel upper half space of genus g > I. Let C be the lattice 
defined by A,- := Zei © ■ ■ ■ © Ze^ © Zti © • • • © Zr^ where Ig — (ei, • • • , eg) and 
T = (ti, ■ ■ • ,Tg) e 6g (ci, Tj G C^). Let Ar = C^/Ar be an Abelian variety, and 
Or := {z e At-; 6{z, t) = 0} its theta divisor where 

(1.5) 9{z,t) := exp{iTi^mT m + 2^^171 z) 

is the theta function. Let Ng :— {r G &g; Sing©,- ^ 0} be the discriminant locus 
of theta divisors called Andreotti-Mayer locus. Let gr := ^dz{lmT)~^dz be the flat 
invariant Kahler metric of A^ and ge^ := ^r^-je^ its induced Kahler metric on ©,-. 

Main Theorem (Theorem 5.2). Suppose that g > 1 and Or is smooth. Then, 
t(0t-), the analytic torsion of (Qr, ge^-), is represented by 

(-1)9 + 12 

T(eo = ||A,(T)||^^ 

where Ag(T) is a Siegel cusp form of weight with zero divisor Ng (and with 

character when g = 2) vanishing at the highest dimensional cusp of order ^"^jp^, 
and ||Ag(T)|p := (det Imr) *'''^2^ |Ag(T)|^ its Petersson norm. 

According to Debarre ([D]), A^^ consists of two irreducible components 9null,g 
and Ng considered as a divisor on the modular variety Sp{2g; Z)\(3g, which implies 
that Xg(T), the product of all even theta constants, is a divisor of Ag(r) as in the 
case of Jacobi's A-function. Namely, there exists Jg(r), a Siegel modular form of 
weight ^^"'"1^"^' — 23~^(23 + 1) with zero divisor Ng, such that 

(1-6) Agir) = xgir) Jgirf. 

Since Jgir) = Cg is a constant for g = 2,S and J^ir) is the Schottky form which 
characterizes the Jacobian locus in 64, we know Ag(r) explicitly (up to some 
universal constant) in terms of theta constants for g < 5. (For a formula for J4(t), 
see [12].) We remark that the result in Main Theorem was essentially known in the 
case g — 2 ([B-M-M-B], [U]). For any smooth ample divisor on a polarized Abelian 
variety, its analytic torsion is treated in section 5 and 6 in terms of Quillen metrics 
as a generalized version of Main Theorem. Roughly speaking, one can compute the 
Quillen metric via the defining equation of the projective dual variety of Abelian 
varieties relative to the given polarization (Theorem 5.1, 6.1, 6.3). Although only 
the principally polarized case is treated there, we remark that the same arguments 
works for arbitrarily polarized case. As an example, we discuss the case of |20| 
for Abelian surfaces in section 7 where the equation of Kummer's quartic surface 
appears. 

A very interesting problem of finding the field of definition of Ag(r) was raised 
to the author by the referee and several other people. Unfortunately, he could not 
find any answer and leave it to the reader. (See Conjecture 6.1.) A(t) and A2(t) 
are eigenfunctions for the Hecke operators. Thus, at least as a working hypothesis, 
it looks worth asking if so is Ag(r) when g > 3. 

After finishing the first version of this paper, he knew that Jorgenson and Kramer 
treat related subjects by using Green currents ([J-K1,2]). 
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2. Determinant Bundles and Quillen Metrics 

In this section, we recall some properties of Quillen metrics which will be used 
later. For the general treatment of Quillen metrics, see [S], [F2]. 

Let TT : X — > S' be a proper smooth morphism of Kahler manifolds. The deter- 
minant bundle \{Ox) is defined by the following formula: 



(2.1) X{Ox) := (g) (det i?^7r.C»x) 



Let Qx/s be a Kahler metric on the relative tangent bundle. Namely, it is a 
Hermitian metric on TX/S := ker tt^ such that gx/s\xt is Kahler for any fiber 
Xt := Tv~^{t). By the Hodge theory, identify X{Ox)t with the determinant of 
harmonic forms: 

(max \ (-1)' / max \ (-1)" 

/\H%Xt,OxM =(g) A^°''W 
/ Q>0 \ 

where 7Y°'^(Xt) stands for the harmonic (0, q')-forms. Since 7Y°'^(Xi) carries the 
natural Hermitian structure by the integration of harmonic forms, so does \{Ox)t 
via the identification (2.2). This metric is called the L^-metric of X{Ox) relative 
to gx/s ctnd is denoted by || ■ ||^2. 

Let D^'"^ be the 9-Laplacian acting on (0, q')-forms on X-t, and Ct^'^i^) i^^ spectral 
zeta function. It is well known that Ct^'^i^) extends to a meromorphic function on 
the whole complex plane and is regular at s = 0. 

Definition 2.1. The Quillen metric of X{Ox) relative to gx/s is defined by 

W-Wlit) :=r(X,)||.||i.(t) 
where T{Xt) is the Ray-Singer analytic torsion: 

r{X,) := Hidet □°'«)(-^)^^ det := exp (- j- (^''^{s)) . 



It is known that || ■ ||q is a smooth Hermitian metric on X{Ox) if the morphism 
is smooth. For smooth Kahler morphisms, the curvature and anomaly formulas for 
the Quillen metrics are computed by Bismut-Gillet-Soule. 
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Theorem 2.1 ([B-G-S]). The curvature form of\\ ■ \\q is given by 

ci(A(C»x), II • IIq) = 7r.iTdiTX/S,gx/s))^'''^ 
where a^'^'^^ stands for the {p,p)-part of the form a. 

Theorem 2.2 ([B-G-S]). Let gx/Sj d'x/s Kdhler metrics ofTX/S and \\ ■ \\q, 
II ■ IIq be the Quillen metrics of \{Ox) relative to gx/S; d'x/s ''^^spectively. Then, 

log = MTd{TX/S;gx/s,g'x/s))^'^'^ 

where TdiTX/ S;gx/s^9'x/s) Bott-Chern secondary class ofTX/S relative 

to the Todd form and gxjSj 9'x/s- 

Consider the case that the morphism is not smooth. Let S be the unit disc and 
TT : X ^ 5" be a proper surjective holomorphic function, (tt, X, S) is said to be 
a smoothing of IHS if n is of maximal rank outside of finite number of points in 
Xq. In particular, Xq has only isolated hypersurface singularities (IHS) and Xt is 
smooth for any t^O. 

Theorem 2.3 ([Y]). Let {7r,X,S) be a smoothing of IHS which is projective over 
S . Let gx be a Kdhler metric of X, and gx/s the induced metric on TX/S. Then, 
II • IIq is a singular Hermitian metric whose curvature current is 

/ 1 \n+l 

ci(A(Ox), II ■ IIq) = I 2)! ^(SingXo)(5o + 7r,(Td(TX/g, gx/s)^''^^ 

where n = diuicX/S, Sq the Dirac measure supported at 0, |u(SingXo) the total 
Milnor number, and Ti~t,{Td{TX/ S.gx/s))^^'^'' ^ -^foc('^) /^'^ some p> 1. 

We also need Bismut-Lebeau's theorem. (For the general setting, see [B-L].) 

Theorem 2.4 ([B-L]). Let X be a compact Kdhler manifold and {Y^gy = gxW) 
its smooth hypersurface with induced metric. Let L = [Y] be the line bundle de- 
fined by Y and sy its canonical section, i.e., {sy)o — [Y]. Let Hl — \\ ■ ||i be 
a Hermitian metric of L and gNy/x ^ Hermitian metric of Ny/x such that it 
holds on Y, \\dsy\\%* ^ ^j^^ = 1 where Ly := L\y and dsy e H'^{Y, Ny/x ® -^)- 

Let Xx{L~^), Xx and Xy be the determinant of cohomologies equipped with the 
Quillen metrics relative to gx^dv and h^-i. Let a be the canonical element of 
X := Xy ® X^^ ^ Xx{L-^). Then, 

log|k||^ = - / Td{TX,gx)Td-\L,hL)log\\s\\l+ f Td-\Ny/x,gN^,,)Td{£) 

Jx JY 

- I Td{TX)R{TX)+ I Td{TY)R{TY) 
Jx Jy 

where R is the Gillet-Soule genus and Td{£) is the Bott-Chern class relative to 
the Todd genus and the exact sequence of the following Hermitian vector bundles 
^ : ^ {TY,gy) ^ {TX\y,gx\Y) ^ (iV^/x, ^iv,/^) ^ 0. 

Since we treat Abelian varieties later, let us summarize the analytic torsion 
of certain line bundles over an Abelian variety. Let A be an Abelian variety of 
dimension g., uj a, flat Kahler metric, and (L, h) an ample Hermitian line bundle 
whose Chern form is uj. We denote by t{A., L^, uj) the analytic torsion of (L"^, /i®"^) 
relative to the metric u. 
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Proposition 2.1 ([Bo], [R-S]). 



log (2$io 



\ogT{A,L^,uj)=l 



(-1)^+1 |p(L—) log^ 



p(L — ) 



(27r)fp(c^) 



(m > 0) 
(m = 0) 
(m < 0) 



where p{F) := ci{Fy/g\ for a line bundle and p{u}) = vol(^, a;) = J^u>^/g\. 

Proof. The case m > follows from [Bo, Proposition 4.2] and the case m — 
from [R-S]. Thus, it is enough to show the case m < 0. Put m = —n and 
n > 0. To compute t(^^,L-^), let * : A°'«(L-i) A3,9-<i(^l) be the Hodge 
*-operator. Since *-operator commutes with the Laplacian; *n°'^i0 = D^'^"^ * 0, 
(V(/> e A°'^(L~"')), n^'^™ and □f^'f"'^ have the same spectrum. Thus, the spectral 
zeta functions C°''^(s, L"'^) of □°'^„ and C^'9-i{s, L"") of D^'l"^ coincide. As the 
canonical bundle of Ar is trivial and is flat equipped with lo, we find 



(2.3) 



which, combined with [Bo, Proposition 4.2], yields 



logT(A„L-^a;)=5](-l)^+lQ 



(2.4) 



q=0 

g 



ds 



s=0 



d 



q=0 



s=0 



where we have used ^„(— 1)'^C'^''^('S; L"^) = in the second equality. □ 
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3. Theta Functions 

In this section, we collect fundamental facts about the theta function and the 
Siegel modular group without proofs. Details are found in [II], [Ml], [Ma] and [Ke]. 

Let &g be the Siegel upper half space of genus g. Let A C x &g be a 
family of lattices in defined by A,- := Z ei © • • • © Z © Z ti © • ■ ■ © Z where 
Ic, = (ei, • • • , eg) and r = (n, • • • ,Tg) e &g. Let p : A := x &g/A &g be the 
universal family of principally polarized Abelian varieties over &g whose fiber at r 

is Ar = C9/Ar. 

For any m > 1, we define a line bundle on A denoted by Lm{— Lf^); a function 
/ on is a section of L^^^- if and only if, for any k,l G Z^, 

(3.1) f{z + k + Tl) = exp{-7rV^mHTl-27rV^mHz)f{z). 
When m = 1, we write L := Li. Put Bm = m-^Z^/Z^. For a, be M», let 

(3.2) 6'o,6(-z,t) = ^ exp{'KV-l\n + a)T{n + a) + 2'KV-l\n + a)(z + b)) 

be the theta function. For any a e Bm, put 9aiT) = '•= ^afiii^^i tut). 

Proposition 3.1 ([II, Chap.II], [Ke, Chap.5], [Ml, I, Chap.II]). For any 

a e Bm, Oa e H'^{&g,p*Lm) and there exists a trivialization as Oq ^-module: 

P*Lm = C»e, Oa. 

aeBm 

Put e{z,T) := ^o,o(^,r). Let p : 6 := {{z,t) G A; e{z,T) = 0} ^ Gg be the 
universal family of theta divisors. Then, L is the line bundle defined by the divisor 
Q. Let Fg — Sp{2g; Z) be the integral symplectic group acting on A as follows: 

(3.3) ^■{z,T) = {\CT + D)-h,{AT + B){CT + D)-'), 7 = 
It is known that not every element of Tg preserves L. Following Igusa, define 

(3.4) Tg{l,2):= !^(^^ eTg;CAC)o = CBD)o = mod2^ 

where Xq = (xijSij) denotes the diagonal for X = (xij) G M{g,Z). 

Proposition 3.2 ([II, Chap.II], [Ke, Chap. 8]). There exists an unitary repre- 
sentation pm '■ rc,(l, 2) — > ?7(C™'^) = U{Vm) such that, for any 7 G ^gi^, 2), 

Oafiirwy-z^m^-r) = j{T,^)^ ex.p{'KV-lh{CT+D)~'^Cz) ^ Uab{l) Ob,o{m z,mT) 

beBm. 

where Pm{l) = {uab{l))a,h&Bm j{T,y) = det(CT + D). In particular, rg(l,2) 
preserves Lm for any m. 

Define a Hermitian metric on L by 

(3.5) \\e\\l{z,T) ^ hL{e,e){z,T) := |^(;2,T)|2exp(-27r*Im^(ImT)-^Im^) 

6 



and also by Hl^ := hfj^ on L^. Then, Hl is a natural metric in the sense that 



(3.6) ci(L, Hl) =gT = dz {Imry^dz 

where the Kahler metric g^- is identified with its Kahler form. With respect to 
hi,^ and gr, the length of {Qa)a^B^ is given by the following formula ([II, Chap. II 
Lemma 7], [Ke, §4.3, pp.35, §5.4]) 

(3.7) (^a(T), d^{T))i^. = {det(2mImT)}-^5a6. 

Remark. Our 9a is different from Kempf's ric{Sa){z) ([Ke, pp.41 (*)]). To obtain 
the norm of daj we must replace r to mr and choose e = mlg in [Ke, Theorem 5.9]. 
Concerning the structure of Tg, the following is known. 

Proposition 3.3 ([Ma]). 

r 12 (^=1) 

#(V[r„r,]) = i 2 (^ = 2) 

i 1 > 2). 

Let r' be a cofinitc subgroup of Tg and A(/c, x, F') be the space of all modular 
forms of weight k with character x relative to the subgroup F': 

(3.8) Aik, X, r') = {fe Oieg); fij ■ r) = j (r, 7)'x(7)/(r), 7 e T'}. 

In particular, an element of Afc(r) := A{k,l,rg) is called a Siegel modular form. 
The following modular form is important for us. Let a,b & B2. The parity of 9a,b 
is defined by 4*a ■ 6 G Z/2Z. Set 

(3.9) X.(r):= J] ^«,^(0'^)- 

(a, 6) even 

It is known that Xiirf = 2^A{t) E Ai2iTi) ([Fr, ppl42]), X2{rf G ^^(Fa), and 
Xg(T) e 7429-2(29+1) (Fg) for 5f > 2 ([Fr, Chap. I, 3.3 Satz]). Finally, we remark that 
the function det(ImT) has the following automorphic property: 

(3.10) detlm(7 • r) = |j(T,7)|~^ detlmr. 
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4. Ample Divisors on Abelian Varieties and Determinant Bundles 

Let Vm = C"*" whose coordinates are denoted by (ua)a€Bm- Let {^a}aGB^ be 
the basis of theta functions as in Proposition 3.1. Associated to \Lm\, let Orn be 
the family of ample divisors on Abelian varieties parametrised by P(V^) x &g: 

(4.1) Qrn--={{u,z,T) eF{Vm) xA; J2 Uaea,o{mz,mT) ^0}. 

aeBm 

Set TT = idp^v^n) '■ ^{Vm) X A F{Vm) x &g. Its restriction to Gm is also denoted 
by TV. The fiber Orn,{u,T) = 7r~^(t(,, r) is a hypersurface on Aj. and all 0m,(u,r) 
members of the same complete linear system |L^^t-|. 

Since ©1 = and P(Vi) is a point, we obtain the universal family of theta 
divisors when m = 1. Furthermore, let Ng be the Andreotti-Mayer locus, i.e., the 
discriminant of theta divisors: 

(4.2) Ng := {r G Sg; Sing(eO ^ 0}. 

By Andreotti-Mayer, Beauville, Mumford, Smith- Varley, and finally Debarre, the 
following is known. 

Proposition 4.1 ([D]). A^^ is a divisor of &g, consisting of two components: 

Ng = enull,9 + 2N'g 

where 9nuU,g is the zero divisor of Xgij) (and A^ = when g — 2,3). There exist 
proper subvarieties Z\ C 9nuU,g and Zi C N'g such that 

(1) For any t G Onuii.g — Zi, Sing©,- consists of one Ai- singularity, i.e., a singu- 
larity whose local defining equation is zf + ■ ■ ■ + =0. 

(2) For any r E Ng — Z2, Sing©,- consists of two Ai- singularities which are mutu- 
ally interchanged by the involution x — >• —x. 

In general, let 

(4.3) Vg^^ := {{u, t) e nVm) X 6^; Sing ©^,(,,,) ^ 0} 

be the discriminant locus of tt : ©^ — > P(Kn) x &g. Note that T>g i = Ng. Let 
T^g.m.T be the fiber at r of the projection pr2 : 'Dg.m ©g- Let = Op(-|/^)(l). 
Consider the morphism associated to the linear system \p^Lm\- 

(4.4) ^rn ■■= ^Ip.L^I : A ^ P(p.L^) ^ ¥{Vm) x eg. 

By the Lefschetz theorem, we know the following. When m = 2, $2 is a finite 
morphism. More precisely, $2(^t) is isomorphic to the Kummer variety A^/{±1} 
and $2 induces the projection map At At/ ± 1 on each fiber under this iden- 
tification. When m > 3, is an embedding. Since Lm = ^^^rni the support 
of T>g^rn,T coincides with that of the discriminant locus of the linear system \Hm\ 
over $m(A^). As is the restriction of the hyperplane bundle, we get the follow- 
ing (when m > 2) by the general theory of Lefschetz pencil ([Ka, Theoreme 2.5.2, 
Proposition 3.2, 3.3]). 
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Proposition 4.2. Suppose m > 2. Then, Vg^^n is a divisor o/P(V^) x &g. There 
exists a proper subvariety Zg^^n C. Vg^^n such that Sing©^ („ ,r) consists of Ai- 
singularities for any (tt, r) G Vg^^n — -^g.m- Moreover, Vg^rn,T is the projective dual 
variety of for any (w,t) G Vg^^n - Zg^rn- 

Let A((9g,„) = ^q>o{det R'^7r^OQ,^)^~^^'' be the determinant bundle. By Propo- 
sition 3.2, rg(l,2) acts on f{Vm) via the representation '■ Tg{l,2) U{Vm) 
and thus on ¥{Vm) x A. Furthermore it preserves Qm, and therefore A(Oe^) is 
endowed with a Tg{l, 2)-module structure. Put uj := p*WA/&g- 

Proposition 4.3. When g > 1 and m > 2, there exists an isomorphism as 
Or'(Vm)xeg-'i^odules with Tg{l, 2) -action: 

KOeJ^-'^' =r,(i,2) det7r,a;A/e,(0m). 

Proof. Let q : F{p^Lm) &g be the projection to the second factor. Consider the 
foUowing exact sequence of sheaves over P(V^) x A: 

(4.5) — > C'p(\/^)xA(-0m) — O^Vm)xA — — > 
which, together with the relative Kodaira vanishing theorem, yields 

(4.6) R'n.Oe^ =r,(i,2) i?V,Op(y^)xA =r,(i,2) q^'R^pA {Kg- 1), 

and 
(4.7) 

— >■ i?^ 71'*(^P(V^)xA 7r*Ce^ — *■ R^'^*0^(Vm)xA{-^m) — *■ R^'^*C>]p(Vm)xA — *■ 0. 

Combining (4.5), (4.6) and the Serre duality 

(4.8) R^'^*Op(Vm)xA{-Qm) —rg{i,2) (7r*a;A/eg(0m))^, 
we get 

(4.9) X{OeJ =r,(i,2) 9*A(C»a) ® (det7^,a;A/e,(e^))(-l)^ 

Let A"^ : /\'^ R^p^Oa R'^p^.O^ be the homomorphism induced by the cup product 
of Dolbeaut cohomology groups. Comparing the dimension, we find that A'^ is an 
isomorphism of Ce„ -modules with P^ action. Therefore, 



(4.10) 




Let e = {ei, • • • , e^} be a local frame of R^p^Oa- Fix an order in the set of index 
{ J; J = {ji < • • • < jq)}- Under this order, put 

(4.11) ae{T) - (g)( /\ ej)(-l)^ e X{OA)r 

q>0 \J\=q 
9 



where ej e^, A ■ ■ ■ A ej^ e A'?i?V*C»A for J = (ji, • • • Jq)- For A e G'L(C, g), 
put Ae := {Aei, ■ ■ ■ , Acg}. Since A((9a) is a line, there exists /(A) e C* such that 
c"Ae = /(^)o"e- As is easily verified, / : GL{C,g) ^ C* is a character and thus 
there exists /c G Z such that f{A) — (det A)'^. Putting A — xl, we find A; = 0. 
(Here, we use g > 1.) In particular, Ue does not depend on a choice of frames. Set 

(4.12) lA(r) :=ae(r). 

Then, 1a is a Fg-invariant section of X{0^). In particular, A(Oa) is isomorphic to 
Oq^ as a Fg-module, and by (4.9), 

(4.13) A(0©^)(-^)'^r,(i,2)det7r.a;A/e,(e.„). □ 

To see the structure of det Tr^a^A/Sg (© jTi) as a rgi(l, 2)-module, for any c G 
we denote by Uc '■— {[u] G ¥{Vm); 7^ 0} the open subset of P(Kr) which form a 
covering of P(F^); P(l^^) = (Jcgb^^c- Then, for any (w, r) G Wc x e^, 

(4.14) { ^ ^ dz,A.-.Adz, 



is a C-basis of H°{A^, n9{logQrn,iu,T)))- Put 



(4.15) Sa{u,T):= /\ ""^^^ dziA---Adzg 

aeB^ ^beB^ Ubt>b 

for a generator of det if'^(AT-, 0^(log G^^(^j ,-))) when (m, r) G Wc x S^. Then, Sc 
generates det 7r*a;A/eg(©m) over x 6^. For with | J| = m^, define uj on each 
Uc X 6g by 

(4.16) cTj|w^xeg(w,T) := -^Sc = • /\ —dzi A ■ ■ ■ A dzg. 

Then, aj\u^^&g = (7j\udX&g over UcHUd x &g for any c, d G S^, and ctj be- 
comes a global section, i.e., ctj G H'^{¥{Vm) x (3^, det 7r^<c<;A/s (©m))- Putting 
Jc = (0, ■ ■ ■ , m^, • ■ ■ ,0) (the c-th factor is and all the other factors vanish) in 
(4.16), we find that Sc G H^{F{Vm) x 6^, det7r*a;A/eg(©m))- As Sc has no zero on 
UcX &g, we get the following. 

Proposition 4.4. When g > 1 andm > 2, {(Jj}\j\=rna generates detTv^LJ^/Qg{Qrn)- 
Namely, the natural map ®a€Bm^F{Vm)x&g(^J ^ det 7r*u;A/eg (©m) is surjective. 

When m = 1, we get the following. 

Proposition 4.5. When g > 1, there exists an isomorphism as Oq ^-modules with 
rg(l, 2) -action: 

A(Ce) =r,(i,2) A(OA)«)a;(-')'. 
In particular, X{Oq) has the following canonical section: 

ae := 1a ® {dzi A • • • A dzg)^~'^^\ 

Proof. When m = 1, the exact sequence (4.7) splits and the isomorphism (4.6) also 
holds for z = ^ — 1 which implies the assertion. □ 
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5. Ample Divisors on Abelian Varieties and Quillen Metrics 

Let p : A — > 6g be the universal family of p.p.a.v., p : — > &g the univer- 
sal family of theta divisors, and n : Om ^{Vm) x &g the family of divisors 
associated to \Ljn\ as before. Let TA/&g := kerp*, TQ/&g := kerp^lre and 
TQm/^{Vm) X &g '■= kerTT* be their relative tangent bundles. Clearly TOf&g 
and TOrnf^iVm) X &g are subbundles of TA/&g. Let (7A/6gU^ = ^dz{lmT)~^dz, 
9e/&g '■= 9A/ejTe/&g, and ^e^/p(v^)x6g fi'A/ejT0^/P(y^)xeg be Hermitian 
metrics on TA/&g, TQ/Gg and T0m/P(l/m.) x &g which are invariant under the 
action of (resp. rg(l,2)). Their restriction to each fiber is denoted by Qa^, 
qq^ and ge^ Let || • ||q be the Quillen metric of A(Oe™)'~~^'''' relative to 

gem/PiVr,^)xeg when m > 1 and to 9e/eg when m = 1. By Proposition 4.4 and 
4.5, it is enough to know the Quillen norms for all ctj (m > 2) and ue (m = 1) to 
understand || • \\q. 

Theorem 5.1. Suppose g > 1 andm > 2. There exists A g^rn{u,T) £ 0{&g)[ua\a&B., 
a homogeneous polynomial in u-variables of degree ■ {g + with coefficients in 
0{&g), and a character Xg,m '■ ^gi^^ 2) U{C) = such that 

(1) For any 7 G Tg{l, 2) and (u,t) G ^{V^) x &g, 

(2) For any J (\J\ ^ ) and {u,t) e F{Vm) x 6g, 



Ag,rn{u,T)(^+^y- 



(g-l)m'- 

a j\\q{u, t) = {detlmr) 2(9+1) 



(3) In the sense of divisor on f{Vm) x &g, div (A^^^) = Vg^rn- 

Theorem 5.2. Let t{Qt) be the Ray-Singer analytic torsion of the smooth theta 
divisor (©rjfi'eT) of dimension g — 1(> 1). Then, there exists a Siegel cusp form 
Ag(T) of weight with zero divisor Ng which vanishes at the highest dimen- 

sional cusp of order ^"^j^ such that 

(_l)9 + l2 

T{Qr) = \\AgiT)\\^^ . 

For the proof of Theorem 5.1 and 5.2, we need several propositions. Assume 
> 1 in the sequel. 

Let G e Herm_)_((7) be a positive definite Hermitian matrix of type {g,g) and 
go '■= ^dzGdz a flat metric of W := associated to G. The identity matrix is 

denoted by 1^. Let P(VF^) be the projective space of hyperplanes of W and E be 
the universal vector bundle of rank g — 1 over P(VF^). Namely, for [a] G P(VF^), 
is a hyperplane on W corresponding to [a]. Consider the following exact sequence 
of vector bundles over P(VF^): 

(5.1) — >E — >W^ = — >N = W^/E — >0. 

Note that N = Cp(vKV)(l)- Let gE,G '■— S'gIe be the induced metric on E. 
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Proposition 5.1. 



/ 

Jp 



Td{E;gE,i^,gE,G) = ^ ^[y^ ' logdetG. 



Proof. Put H = log G and gt '■= gexp{tH) for the one parameter family of metrics 

connecting gi and go- Its restriction to E is denoted by gE,t- Let VF^ = E ®t E^ 
be the orthogonal decomposition of W'^ relative to gt- Let gi^^t be the metric of N 
via the identification N with Corresponding to this splitting, H e End(M^^) 
can be written as follows: 



(5.2) 



H 



H2l{t) H22{t) 



where Hii{t) e End(£^). Since gE,t{'i^i,V2) = gig{exp{tH)vi,V2) for any vi,V2 € E, 
we get 



(5.3) 



-1 



d 



9E^t ■ '^9E,t = Hii. 



Let RE,t be the curvature of {E,gE,t), and put Ci(£^t) := ^Tr Re, t- By the Bott- 
Chern formula ([B-C, Proposition 3.15]), we find 



(5.4) 



Td{E; gE,o, gE,i) 



dt 



d 
de 



Td 



e=0 



Z 

2^ 



d 



RE,t + (^9Elt • '^9E,t 



Let At be the second fundamental form of the exact sequence (5.1) relative to gt- 
As (W^^gt) is flat, by the Gauss-Codazzi equation ([Ko, Chap. I, (6.12)] and [Y, 
(2.7)]), we obtain 



(5.5) 



RE,t = a; a At, RN,t = AtAAl Tr R'k^t = -R 



where RN,t is the curvature of (A^, (/at,*). Put Ci{Nt) := ^RN,t- Let Tdfc(-) be 
the homogeneous part of degree k of the Todd polynomial. Then, there exists a 
polynomial F{xi, ■ ■ • , Xg-i) G Q[x] such that, for any X e M{g — 1, C), 



(5.6) 



Tdg{X) = F{TrX,--- ,TrX^-^). 



By (5.3-6), we have 
(5^) 

[TdiE;gE,o,9E,i)]^'-'''-'^ 



dt 



= / dt 



9-1 



OF 



9-1 



-, (g-1,9-1) 



dF 



5^ J^(-ci(iV,), • • . , -c^{Nty-'){-y-'Tv{H,,R],-jRE,t) 



i=i 
9-1 



2^' 



- / dt 



dF 



• • • ' -ci(^t)""') ci(iVt)^-2 A T^AtH^iAt 



i=i 



I 

2^' 
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where we understand 

(5.8) Tr{H^^R-'^^RE,t) = -R^^t ' ^tHiiA^ = Ih: H^^ 

for j = 1 in the second and the third equahty of (5.7). Since H\i{t) is a Hermitian 
matrix, we can write, by an appropriate choice of a frame at 



(5.9) 



\ 



Pg-iJ 



with some pi, ■ ■ ■ , Pg-i € Let At = (ai, • • • , a^-i) be the second fundamental 
form. Let c{g) be the constant which depends only on g such that 



(5.10) 



9-1 

i=2 



dF 



-X, - ■ ■ , —x^ ) X 



= c{g) 



where h{x)\x3 is the coefficient of x^ for h{x) e C[[a;]]. Since RN,t = ^^i^Y 
(5.5), we get 



9-1 



-, (5-1,3-1) 



dF 



5] J^(-ci(Art), • • • , -Cg_i(Ar,))ci(iVt)^-2 A AtH^^A 



3-2 



(5.11) 



\ i=l 



5-1 . 



i=l 
5-1 



Tri^ 
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^-1 



5-1 



-, (5-1,5-1) 



dF 



3-1 



i=2 



Separating the summation of the third equality of (5.7) into that for j = 1 and for 

j > 2, and substituting (5.8) and (5.11) respectively, we get 

(5.12) 

fi f)p 
Jo oxi 

+ / TrH,,{t)y^j^ic,iE,),...,c,iE,r-')c,iEty-'dt 

9 ~ ^ Jo .9 '^Xj 



F{x+{g-l)e, {x + ef,---,{x + er-^) 



x=ci{Et) 



9-^ Jo de 

= ^ [' TTH,,{t)Td'{RE,ty'-'^'-'^dt 
9 ~ ^ Jo 

= J—TrH [\d'iRE,tY'-^^'-^^dt-^ [ H22{t)Td'{RE,t)^'-^''-^^dt. 
9 ~ 1^ Jo 9 ~ ^ Jo 



dt 
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where Td' {RE,t) := £ 1^^^ Td(6 + ^RE,t). 

Put f{x) := x-'^ - e-^(l - e-^)-^ As Td-\x) = (1 - e-^)a;-^ we get 

(5.13) Td-^(a;){^ • /(O) - = ^"^^'J^f^" 

Using (5.5), we can show that Td{^ Re, t)T^d{ci{Nt)) = 1 (cf. [Y, (2.8)]) which, 
together with [Bo, Proposition 4.4] and (5.13), yields 

Td'iRE,t) = Td (^^RE,t^Trf(j-RE,?j 

(5.14) = Td-\cr{Nt)){g ■ /(O) - /(ci(iV,))} 

^ (-1)^+V^-1) . 

2(^ + 1)! • 

Comparing (5.12) and (5.14), we get 
(5.15) 



/ 



Td(E;^^,o,^£;,i) = It^XW P^^- / / H22{t)c^m' 



Let us compute H22{t). In the sequel, identify W = W^ = €.3. For ^ e C», 

9 

(5.16) = e C^; J] UiZi = 0}. 

Since gt{u^ v) = *tt exp{tH) v, we find = C ex.p{—tH)z. By a suitable choice of 
coordinates, we may assume 

(5.17) G z = {Xizi,- ■ ■ , XgZg), H z ^ (niZi,- ■ ■ ,iigZg) Ai = exp(/ii). 
In above coordinates, 

(5.18) H22{t)^g^]rj^9N,t 

Put Wi := exp{—^ij,it)zi and wpg-i := 2^f?^log^ l^ip. From (5.15) and (5.18), it 
follows that 





\Zi 


|2 






2 



(5.19) 

/ Td{E; gE,o, gE,i) = fe^^W ^ ' f / 



'P(VV) 

(-1)^+^^7-1) 







2 


Ei=i 1' 




2 



3-1 



Tri? 



2(^ + 1)! 

which, combined with Tr H = log det G, yields the assertion. □ 

Let gG,em./f{Vrn)'x&g ^® induced metric on T0^/P(V^) x &g by the constant 
metric go = ^dzGdz on TA/&g where G e Herm+(5r). Let || • \\q,g be the Quillen 
metric of X{Oe^) relative to 5'G,G,„/P(v^)xeg- Its restriction to each fiber is denoted 
by S^ce^ Remember that || • ||q is the Quillen metric of X{Oq^) relative to 
the invariant metric = *dz{Im.T)~^dz of A^- (see the beginning of this section). 
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Proposition 5.2. 



11-11^ , , (-l)g(ff-l)mg ^ 

log II ||2 (^) = ^TTTT^ logdetlmr. 

II ■ llQ,ig ^[9 + ^) 

Proof. Let v : Qrn,{u,T) ~^ ^{Vm) be the Gauss map: 

(5.20) U : Qm,{u,r) 9 {Tem,{u,r))z G P(Kz) 

which is a finite covering with mapping degree m^gl. By definition, 

(5.21) (Te^,(,,,),^G,e^.(„..,) = i^*iE,gE,G) 
which, together with Theorem 2.2 and Proposition 5.2, yields 

II - IP r ~ 

log^^(i.,T)= / i^*TdiE;gE,i^,gE,G) 

II llQjlg ''®m,(u,T) 



(5.22) =degiy / Td{E-gE^i^,gE,G) 

logdet G. 



2(^ + 1) 

The assertion follows from (5.22) by putting G = (Imr)"-*^. □ 

Let T,m '■= {x e Qrn'i ^ G SingQ^^,^), 7r{x) = {u,t)} be the singular locus of 
Tr-.Qm^ nVm) X Sg. (Thus, P^,^ = 7r(E^).) 

Proposition 5.3 ([Y, Proposition 2.1]). Outside ofT,m, the following holds: 

[Td(Te^/P(K.) X e„^i^,e^/p(v;„)xe,)]^^'^) = 0. 

In particular, one has [7rH<Td(Te,„/P(V;„) x 6g, fi'i3,e^/P(v^)xeg)]^^'^'' = over 
P(^m) X &g\Dg^rn o-'^d its trivial extension to F{Vm) x &g is smooth. 

Proof of Theorem 5.1. Let aj e H°{F{Vm) x 6^, A(Og^)^"^^'') be the same as 
in (4.16). As is easily verified, 

II II 2 II II 2 

ni (g-l)m3 CT 7 7) 

(5.23) Fmiu,T) := = (detlmr)"^!^ 

is a function on Vm x &g independent of a choice of index J. (Note that (—1)^ does 
not enter into (5.23) because we consider X(Oq^)^~^^^ rather than X(Oe^).) For 
any 7 e rg(l,2), we get 

(5.24) ^.aj = det Pm ■ (^^^^^^J^) " <^J 

15 



where ~pm : Tg{l,2) ^ End(Sym^(F^)) and detp^ : Tg{l,2) ^ U{AeiVm) = U{C) 
are the induced representation from that of Proposition 3.2. Since || ■ ||q is invariant 
under the action of Tg(l,2), it foUows from (3.7), (5.23) and (5.24) that 

(g-i)ma . CTjIIo 

F^(7 • u, 7 • t) = (det Im(7 • r))" ^c^+d 



(5.25) m,: ; , \pM ' 



Let c : S = {t e C;\t\ < 1} 3 t ^ (ti(t),r(t)) G P(Kn) x 6g be an arbitrary 
holomorphic curve which intersects transversally to "Z^g.m at t = and (t(,(0), r(0)) 
is a generic point of I^g,m in the sense of Proposition 4.2, i.e., (u(0), r(0)) G 'C'g.m — 
Zg^rn- Applying Theorem 2.1, 2.3 and Proposition 5.3 to the family 5 Xp(v'^)xSg©m ) 
we get 

(5.26) Fm{u{t), r{t)) = mult(,(o),r(o))^^<?,m • log \t\^ + m, i^it) e C^{S) 

which, combined with Proposition 5.3 and the argument in [B-B, Proposition 10.2], 
yields the following equation of currents over Vm x &g- 

(5.27) — Bd log Fm(u,T) = -^—-U*Sv = , ^ 

V ) ^ ^ ' ^ (y+1)! (^+1)! 

where 11 : (F^ — {0}) x — > P(Frn) x is the natural projection and feg is 
the current corresponding to the integration along Dg^m- Since Vm x <3g is a Stein 
manifold diffeomorphic to the Euclidean space, there exists a holomorphic function 
Ag,rn(w, t) e Oiym X 6g) such that 

(5.28) |A,,^(«,T)|2 = F^(«,r)-(^+i)'. 

As 'Dg^m,T is a projective hypcrsurface, Ag^^(-, r) must be its defining homogeneous 
polynomial because Fm{u,T) is a homogeneous function in tt- variable. Put 

(5-29) X9,m(7, r) := ^ (g+z).g'..m9 



i(T,7) ' a"-"" Ag,^(w,T) 

By (5.25) and (5.28), \xg,m{7jU,T)\ = 1 for any (w, r) G x ©^ and thus 
X9,m{l,u,T) = XgMl) ^ome Xg^mil) ^ U{C). Since j(^>7) is an automor- 
phic factor, Xg,m '■ ^g{^:'2) U{C) is a character, which together with (5.29) 
implies Theorem 5.1 (1). Theorem 5.1 (3) follows from (5.27) and (5.28). Since 



2 , - _ , (g-l)mg 



(5.30) ||aj 11^ = (detlmr) 

Ag^rniu,T)T^- 

by (5.23) and (5.28), Theorem 5.1 (2) follows. □ 

Proof of Theorem 5.2. In the same way as the proof of Theorem 5.1, there exists 
a modular form Ag{T) G A{ ^^^f'^\ x, ^g{^, 2)) such that 

n (-I)^(S-I) 2{-l)9 + l 

(5.31) \We\\Q{r) = (detlmr) ^(g+i) |Ap(T)| . 
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At first, let us verify that Ap(T) is a modular form with respect to the full Siegel 
modular group Tg. For 7 e F^, put 



(5.32) 



07 W 



A, (7 



T 



As is easily verified, (p-yir) depends only on [7] G rg/rg(l,2). Furthermore, for 
any g G ^g{l, 2), 4)-y{g ■ r) = (p^gij). Since Ng is invariant under the action of F^, 
(f).y is a plurisubharmonic function over &g without any zero and pole. Therefore, 
if ^(a;[^]) is an elementary symmetric polynomial of {a^[7]}[7]er (i,2)\r ? ^(</'[7](''")) 
is a Fg(l, 2)-invariant plurisubharmonic function on &g and thus descends to a 
plurisubharmonic function on ©g/Fg(l,2). As (7 > 1, A((/)[^](r)) extends to the 
Satake compactification ([G-R]) and should be a constant. In particular, any (p-^ij) 
is a constant. Put 



(5.33) 



X(7) := 



A,(7-r) 



X (9 + 3) 9! , , 



As before, x : F^ — is a character which coincides with x restricted to Fg(l, 2). 
It is a f/ (C)-character, because Fg/Fg(l, 2) is finite. From Proposition 3.3, it follows 
that X = 1 when g > 2 and x = ±1 when g = 2 which shows that Ag(r) is a 
Siegel modular form relative to Tg (with character when g = 2). By Mumford's 
formula ([M2, Theorem 2.10]), it is immediate that Ap(t) vanishes at the highest 

dimensional cusp of order -^^^j^. 

Let us compute the L^-norm of (Tq. Let 7Y'^'^(A^) be the space of harmonic 
(0, l)-forms on A^-. Identify HP'^^Aj.) = H^[At-^ ^Ar) ctnd let ui, ■ ■ ■ ,0;^ be a basis 
of TC^'^{At-) such that dzi A ■ ■ ■ A dzg Aui A ■ ■ ■ A Ug = 1, i.e.. 



(5.34) 



uj\ A 



AUJn = [ - 



dzi A ■ ■ ■ A dZg 
det Imr 



For / = (zi, • • • ,ip) put uji := uJi^ A ■ ■ ■ Auji^ and u^'^^ := f\\i\^qtjJi G det H^''^{A^). 

Since 1a ® {dzi A • • • A dzg)^~^^\T) = ^gZl{LV^'^^Y~^^'' and ci{Lr) is cohomologous 
to Sq^, we get the assertion combining Definition 2.1, (5.31) and the following: 
(5.35) 

9-1 



log|kG||i.(e.)(^) = E(-l)'l^g 

<7-l 



det ( f uiAujA ci(L^)»-^-M 
det ( / uJi Auoj Aci{Lry~'^] 

V-'^r /|/| = |J|=. 



= ^(-l)^log 

= (-l)»log(det2ImT). □ 

Remark 5.1. It is worth noting that Theorem 2.4 yields the following integral rep- 
resentation fromula for Ac,(r): 



(5.36) 



log |a,(t)|2 = /" ^ KciiHrY log \\de\\l^^ 1^^^^^ 



+ / log||^||i^ci(LO^-^!logdetImT + C(^) 

JAr 
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where ci{Ht) = ^ddlog^ z{\m.T)z is the Pubini-Study form of P^~^, C{g) a con- 
stant depending only on g and z/t- : ©r ^ pf-i is the Gauss map. Note that the 
formula (5.36) for = 1 implies Faltings's formula ([Fl]): 

(5.37) / log||^(;2,T)||i^Ci(L0 = log|A(T)|A 

where A(t) is the Jacobi's A- function. 

6. Projective Duality and Structure of Ag Tn(w, r) 

Throughout this section, let us assume g > 1. By Theorem 5.1, there exists a 
holomorphic function /j(t) G 0(&g) for any J (| J| = ■ {g + 1)!) such that 

(6.1) Ag,miu,T) = J2fAr)u'. 

J 

Among all the elements of Bm, there exists a special one 0. We write u = (uq, u') 
where u' = (wa), ct G Bm\{0}- Under this notation, Jq := {m^ ■ (g + 1)!, 0, • • • ,0) 
satisfies tf^° = (s+i)' Since both Ag(T) and Ag^^(tt, r) have an ambiguity of 
complex numbers of modulus one, we impose them the condition that Ag(To) > 
and /jo(ro) > at some tq E &g. 

Theorem 6.1. For any t E &g, 

/joW =/(ms.(5+i)!,o,-,o)(^) =^ ' ^gi'mr) . 

Proof. To relate Ar and Amri let /im be the isogeny of Abelian varieties defined 
by fim '■ Ar 3 [z] — > [mz] E Amr whose kernel is isomorphic to (Z/mZ)^. Thus, 
IXrn '■ At — ^ Ajm- is au umamificd covering of mapping degree . Let ©m,((i,o),T) be 
the divisor on Ar defined by ©m,((i,o),T) = {z E Ar; 9{mz, mr) = 0}. By definition, 
it is clear that <dm,{{i,o),T) = /^m Q-inr and . ©rn, ((i,o),t) ©mr is an unramified 
covering of degree where 0^,- is the theta divisor of A^t- By Proposition 3.1, 
Oo_(t) := Oimz^mT) is a global section of LIT* := L®'^ which is equipped with the 
Hermitian metric defined by (3.5). It is easy to verify the following: 

(6.2) ll*^e{-,mT)=esL{T), fl*^{Lmr,hL^^) ^ {Lf'^,hL!p), ^*m9mr = m gr 

m ' 

where gr = *dz{ImT)~^dz is the Kahler metric of Ar- Put A^' := A^e„i o) t)/At 

and N :— Nq^^j^^^ which are equipped with the Hermitian metrics giqi and gjq 
such that 

(6.3) \\dO^{r)\\%,..^^-.. ^ 1, \m-.mr)\\l_,^^..^ ^ 1 

on ©m,((i,o),T) and Qmr respectively. Let £V : ^ r©„^((i^o),T) ^ TAr ^ N' ^ 
and Smr '■ — > TQrnr T A^r — > A?" — > be the exact sequences of Hermitian 
vector bundles whose metrics are (^T|e^,((i,o),r)'^T,5'Ar') and (wle^,, W^fifiv) 
respectively. Since d6o_{T) = iJ,^d6{-,mT), it follows from (6.2), (6.3) and also the 
formula of Bott-Chern classes ([B-G-S, I, Theorem 1.29]) that 

(6.4) l,*^{Nmr,9N^r) = iK,9N0, Td(^'r) = l^*mfd{£^r). 
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Similarly, it follows from (6.2) and (6.4) that 
(6.5) 

Td-\L;^,h^-rr.) = f,*^Td-\L-\,h^-^J, log||^^(r)||2^_ = /.;,log||^(-,mr)||2^_,, 

According to the embeddings i' : ©Tn,((i,o),r) ^ and i : Omr ^ -^mr^ let 
K - ^e^,((i,o)..) ® ^~a\ ® Aa.(L--) and := Aq^ ® A^^^^^ ® Aa_(L-1) be 
the determinant lines. Let a' e A!^ and a e A^^- be their canonical elements. By- 
Theorem 2.4 together with (6.4) and (6.5), we get 

(6.6) log \\<J'\\\^Q = degifim) log lkllL.,Q = log ll^llL.,Q- 
Put 

— - 

(6.7) ^(t) := det -— tt^tt — ^ — dzi A ■ ■ ■ A dz„. 

^ ' ' V 2m y exp27rm*Im^(ImT)-iIm^ V2/ 

Since ^^1''') ~ * {^ad^i A ■ ■ ■ A dzg) where Cr,g is a constant, * the Hodge 
*-operator and {Oadzi A • • • A dzg}aeBm a basis of H^{At, Ka^ ® -^r)' "^^ 1^^^ ^1^^^ 
{da{T)}a£Bm harmonic representatives of H^{At-, L^.^). By (3.7), we get 

(6.8) {9a,odzi A • ■ • A dzg, eiir)) = Sab, Kir), 91{t))l2 = (det ^Imr^ ' Sab 

where (■, ■) is the natural paring between H^^At.Ka^ ® Lip) and (Ar, L^^). 
Since H^{At-j 0^(log Om,((i,o),r))) and H^{At-j Ka^ ®L'P) are identified via the map 
®6'jL , i.e., ®9o_ : ^dzi A • • • A ci2;q — > Oadzi A ■ • ■ A (note that 9o_ is the defining 
section of 0((i,o),r)); it follows from (4.15) and Proposition 4.5 that a' and a are 
represented as follows: 

(6.9) {a')(-'^' =so^ 1^1 ® a^-m, a^-'^' = a^-J^l' ® ® a^-i 
where ue is the section as in Proposition 4.5 and 

(6.10) 5o(t)= /\ ^d^iA---Arfz„ cT^-. = /\ eiir), cx^-, =r,(mT) 
which, together with (6.8), yields 

_rn_9 

(6.11) ||c7^-m|||2 = ^det — Imr^ 



^9fn 11^ ||2m^ 



From Proposition 2.1, it follows that 
(6.12) 

logT(^.,L--) = (-1)^+1!^ log logT(^^.,L-i) = (-l)^+^log 



2 °(27r)5' -°-v""-'"mr/ V 2 ^ (27r)s 
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which, together with (6.11), yields 

(6-13) IkL-^llg -m ^ IWl-'Jq 

Since ||1a^||q = 1 by Proposition 2.1, it follows from (6.6) and (6.9) that 

1 II /||2(-l)^ 1 II i|2(-l)s , 1 I, ||2(-1)^ 

(6-14) =m^{log\\ae^J\l + \og\\a^-^X^-'^') 

(= m^log||(7||^^J^'^') 

which, together with (6.13), yields 
(6.15) 

^''loglkG^llQ = logllsollQ"^^" +log||cT^-„^||Q^"^^' -m^logllcT^-iJIg^" 



, II ||2(-1)S , , (-l)9gm.a 

= log||so||Q +logm 2 



Namely, we get 



(6.16) m"^^ ||.„|||'-'>- = |ke(mr)|l§»'. 

It follows from Theorem 5.1 and 5.2 that 

of 1^^ (-l)9(g-l)m9 (_l)9 + l2 

Ikollg^ =(detImT) |/^^(^)|^^, 

(-1)9(3-1) (-1)9 + 12 

||a-e(mT)||Q = (detlm(mT)) ^(9+1) | Ap(mr)| ~^^+^ 
which, combined with (6.16), yields 

(-l)ggT7T.g (-l)9(g-l)mg (-1)9+12 

m 5 (det Imr) ^^^+^1 | /j^, (r) | ^a+iy- 

( (-1)9(3-1) (-1)9 + 12 "1 "^'^ 

(6.18) = <^ (detlm(mT)) 2(9+1) \Ag{mT)\ (a+iy. K 

{-1)^ g(g-l)mB (-i-)g(g-i)m9 (_i)9+l2mg 

= m 2{FFi) (detlm(mr)) ^(i+Ti |Ag (mr)] ^^Tin 



9+1 



Eliminating the power ^(^g^iy from (6.18), we get 

(6.19) m-^^^+^y- \fj,{r)\' = m-""^^'- |A,(mr)|^-^ 

and therefore 

I J- / m2 9(9 + l)"ifl I 3(9-l)'7ig I M2m'' 

.g20) l/jo(^)l -™ ' ' ^•|Ag(mT)|2"^ 

= mS-»'™''|Ag(mT)|2"^' 

which, together with the normalization condition, yields the assertion. □ 
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Let M.{&g) be the field of meromorphic functions over &g. Define a polynomial 

^g,miuj t) G M.{& g)[ua]a£B^ and a meromorphic function Fj{t) G M.{&g) by the 
following formulas: 
(6.21) 



Kr):= ^Mf^ = uf +y Fj{r)u', Fj{r) = 



Although fj{T) is determined up to complex numbers of modulus one, Fj{t) is 
uniquely determined. To study the structure of Ag^^(u, r), we need the following 
theorem due to Mumford. 

In the sequel, we always assume that m is even and > 4. Let $m,,T '■ Ar 3 z ^ 
(9a{mz,mT))aeBm ^ ^{Vm) be the embedding associated to the complete linear 
system |Lm,,r| as in (4.4). Let (a e B^) be the homogeneous coordinates of 
IP(Kn) corresponding to 6a- 

Theorem 6.2 ([Ml, III, Cor. 10. 13]). The homogeneous ideal defining $,ri,T(^T) 
in f{Vm) is generated by the following equations: For any a, b, a', b' e ^Z^/Z^ with 
a + b = a' + b' mod and any d e ^Z^, c e ^Z^/Z^, 

^ s{c, rj) 6'a'+d+r,,o(0, mr) Ob'+d+nfii^, mr) ) " I ^{c, rj) Xa+r, X^+r, J 

s(c, ry) ^a+d+?7,o(0, TOT ) 9b+d+-n,o '+7] ^b'+T] I 

where s{c,r]) := (— l)*(2c)-(2»?) ^^i^ ^ runs over ^Z^/Z^. 

Let A; := Q(^a,o(0, TOr)6'b^o(0, TOr))o,beB^ be the field of fractions of the ring 
'Z[9a,o{0,mT)db,o{0,mT)]a,beBm which is a proper subfield of A4{&g). Consider 
the variety Am in P/f defined by the equations of Theorem 6.2. Let A"^ be the 
projective dual variety of Am in . Then, .4.^ is a hypersurface on (P^ )^. Let 
{ua)aeB^ be the coordinates of {f"^'y dual to {Xa)aeBrn- 

Theorem 6.3. Ag ,^(t(,,r) G k[ua]aeBm ^^e unique defining equation of A^ 

which is monic in the variable uq. 

Proof. Let \E'(ti, r) G k[ua]aeBm the unique defining equation of which is 
monic in the variable uq. Let Z be a proper subvariety of &g such that both 
'^{u,t) and Ag(mr) is regular over X (6g\Z). By definition, for r G 6p\Z, 
^'(■u,r) is the unique defining equation of the projective dual variety of ^rniAr) 
which is monic in the variable uq. Since 'Dg^m,T in §4 is the projective dual variety 
of ^m{Ar), it follows from Theorem 5.1 (3) and Theorem 6.1 that Ag^m{u,T) is 
also a defining equation of this variety which is monic in the variable Uq. By the 
uniqueness of such polynomials, we find \E'(u, r) = Ag^m{u,T) for any r G &g\Z. 
This prove the assertion. □ 

Since the ideal of relations among {6'a_o(0, mr)6'f,^o(0, mr)}a_f,eB^ are known 
when m is even and m > 6 ([Ml, III, Theorem 10.14 b)]), it is, in principle, 
possible to write down the explicit formula for Ag^m{u,T) in these cases, though 
it is quite hard in general. In this sense, we know the structure of Ag „^('U, r) up 
to that of Ag(T). In view of the cases of small genus ((/ < 5), we conjecture the 
following. (A related question is also raised by Mumford ([M2, pp.349]).) 
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Conjecture 6.1. There exists a constant Cg such that Cg ^Ag(T) belongs to the 

ring Z[6'a,6(0, T)6'c,d(0, T)]a,6,c,deB2J o.'^d all the Fourier coefficients of C~'^Ag{T) 
belong to Q. 

As C2 e Q(7r, e^'*^~^)) (see Theorem 7.2) and e'»'(~^) comes from the GiUet- 
Soule genus ([S, Chap. VIII, 1.2]), it does not seem to be very strange to expect 

Cg e Q{7i,eS'^-^\--- ,e<^'(^-»)) for general g > 1. 

Remark. By Igusa's theorem [II, Chap.V, Theorem 9 and Corollary], considering 
the case m = 4, we know that Ag(T) belongs to the normalization of the ring 
R := C[6'o^o(0, 4r)6'b^o(0, 4:r)]a,beB4- As R is not integrally closed in general, it is not 
clear even if Ag(r) e R. (Note that ^a,o(0,4T) (a e B4) is a Q-linear combination 
of {9a,b{^,T)}a,beB, by [Ml, I, Chap.Ili Proposition 1.3].) 

7. An Explicit Formula for A2^2{u,t) 

Let p : A — > ©2 be the universal family of Abelian surfaces and tt : ©2 — ^ x 62 
the family of curves associated to the complete linear system IL2I = |26| over A as 
in section 5. Let be the Abelian surface and 
(7.1) 

$|2©| :Ar3z^ {OioooC^z, 2t) : OiiooC^z, 2t) : ^oioo(2-s, 2t) : ^oooo(2^, 2t)) e 

be the morphism associated to the linear system |26|. Let w = {x,y,z,t) be the 
coordinates of C'* and u = {uq, ui,U2, tts) its dual. (As we refer to Hudson's book 
([H]), the order of coordinates is different from that in the previous section.) We 
often identify and its dual. Put 
(7.2) 

F{w,t) : = A{t){x^ + y^ + z^ + t^) + B{T){xh'' + y'^z'') + C(r)(^/V + z^x^) 
+ D{t){zH'^ + x'^y^) + 2E{T)xyzt. 

Then, := {w e F^;F{w,t) = 0} is a Kummer's quartic surface with 16 nodes 
as its singular set and $|2e| : Aj- coincides with the double covering map 

Ar ^ Ar/ ±1 (cf. [H, §53, §103]) where A(t), S(t), C(t), D{t), E{t) are modular 
forms defined by 



(7.3) 
(7.4) 
(7.5) 
(7.6) 

(7.7) 



A{t 
B(t 
C{r 

D{t 
E{t 



(7^ + - - 5''){a^S^ - PW){i''S'' - 

(«4 + ^4 _ ^4 _ ^4) (^2^2 _ ^2^2) ^^2^2 _ ^2^2^^ 
a/375(52 + ^2 _ ^2 _ ^2)(^2 ^ ^2 „ ^2 _ ^2) 
X (^2 + ^2 _ ^2 _ ^2)^^2 ^ ^2 _ ^2 _ ^2)^ 



(7.8) «(t) : = ^iooo(0,2t), /3(t) := ioo(0,2t), 

(7.9) 7(t) : = ^oioo(0, 2t), 5{t) := ^oooo(0, 2t). 

We remark that our definition of A{t),B{t),C{t),D{t),E{t) is slightly different 
from that of Hudson [H, §53] because we use a homogeneous polynomial to write 
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the defining equation of Kummer's surface though Hudson uses an inhomogeneous 
one. 

On Kr acts the Heisenberg group H2,2 — (Z/2Z)^ generated by the foUowing 
projective transformations: 

(7.10) CTi : (uo, ui, U2, Us) (^2, U3, uq, ui), 

(7.11) 0-2 : (uq, Ui, U2, us) {ui, uq, u^, U2), 

(7.12) 0-3 : {uo, ui, U2, Us) {uq, ui, -U2, -U3), 

(7.13) (74 : {uq, ui, U2, Us) {uq, -Ui, U2, -U3). 

For a e -^2,2) put (uq, ttf , U2, u^) := a ■ {uq, ui, U2, U3). Since H2^2 acts transitively 
on SingK,,' we get SingK, = {(q;(t)- : /?(t)- : 7(t)- : S{t)-)},^h,,,. Put 

(7.14) G{u,t):= Yl (a(T)"«o + /5(T)"«i + 7(T)"«2 + (^(T)"«3). 

(7 € H2 , 2 

Theorem 7.1. There exists a constant 6*2,2 independent of {u,t) such that 

A2,2{u,t) =C2,2F{u,t)''G{u,t). 



Proof. Put Hu {w G F^;uoX + Uiy + U2Z + ust = 0}, Cu,t '■= Kr H Hu and 
Ou,T '•= (C'ti^r)- By Theorem 5.1, A2, 2(^*7 t) = if and only if Qu,t is singular, 
and thus Cu,t is singular. Let Di and i52 be the hypersurface of x 62 such 
that (w, r) G -Di iff SingCu^T- G ii'r\SingKT- and (w, r) G -D2 iff C'^^r passes through 
SingK^. If {u,t) is a generic point of Di, since Cj- has only one node (which is 
different from Singi^T-), Sing0„,T- consists of two nodes because $|2G| ■ ©ii,r Cr 
is an unramified double cover of Cu,t- If {u,t) is a generic point of D2, Cu,t has 
only one node at one of 16 nodes of K^, and Qu,t has only one node at some 
2-torsion point of A^. Thus we get the following equation of divisors: 

(7.15) (A2,2)o = 2^1 + D2 

where Di and D2 are the closures of Di and D2. Clearly, D2 = (G)o by definition. 
Suppose that {u,t) is a generic point of Di. Then, Cu,t has only one node, say 
a ^ SingKr- Let {x,y,z) be the local coordinates of around o, 4){x,y,z) — 
be the local defining equation of Kr at o, and il!{x,y,z) that of Hu- Since o 
is a smooth point of Kr, we may assume that (j){x,y,z) = x. Then, the local 
equation of Cu,r at o G Kr is of the form '0(0, y, z) = ay'^ + byz + cz^ + 0(3) = 
because {Cu,t-,o) is a node. (Here 0(3) means the terms of order > 3.) As Hu 
is also smooth at o, d'^/dx{Q) ^ 0. Thus, there exists some A 7^ such that 
(/>(x, y, z) — \i}){x, y, z) = 0{2) which implies that Hu is the tangent plane of Kr at 
0. Therefore, u belongs to the projective dual of Kr- As Kr is self-dual ([H, §96]), 
it follows that Di D {F)q which, together with (7.15), yields the theorem because 
both A2,2 and ■ G have degree 24 in it-variables and weight 20. □ 
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Proposition 7.1. 

F((1,0),t)^G((1,0),t) = X2(2t)^ 

Proof. For simplicity, put /(r) := F((0, 1), G((0, 1), §). By Theorem 6.1 and 
the fact A2(t) = C2X2(t), there exists a constant c such that 7(t) = cx2{tY- 

( T t\ 

Consider the family T{t) — { ^ 1 where r G H and t G C is a small number. 

Put Oab{f) := 6'ab(0,r). Then, Xi(r) = 6'oo('?")^io(''")6'oi(t) by definition. Since 
a(T(0)/2) = 7(t(oV2) = ^oo(t)^io(t), /3(t(0)/2) = ^lo(T)^ 5(t(0)/2) = ^oo(T)^ 

9fk=o{^-oo(r(t))^oooo(r(t)) -^iooo(T(t))^oioo(T(t))} = -tt^I^)', 
(7.16) ^ 

Xl(2^)' = 2Xl(T)^0l(T)^ ^Oo(t)^ = ^10(T)^ + ^0l(T)^ 



we get 
(7.17) 

lim = {^00(T)2^10(T)2^0l(T)n'{2^00(T)2^10(T)2}2{^00(T)^^10(T)n' 

X {^9'|t=o{^Hoo(^(0)^oooo(T(t)) - Oloooirimoiooirm 
Similarly, we get 

(7.18) lim ^^^^^ = xiirr (5t|t=o^i i ^ ^W))' = 167r%(r)^^ 

(See Appendix for the proofs of (7.16), (7.17), and (7.18).) Comparing (7.17) and 
(7.18), we get the assertion. □ 

Theorem 7.2. Let ((s) be the Riemann zeta function. Then, 

A2(T)=2-22^-i4ei2'^'(-i)x2(T). 



Proof. Let T{t) be the same as in the proof of Proposition 7.1. Let At be the Abelian 
surface with period (I2, r{t)) and ©t its theta divisor. When t = Q., Aq = E^- x E^- 
and ©0 = -£'r X {^^} + {^^} x in the sense of divisor on ^0 where E^- is the 
elliptic curve with period (1,t). Put Ei := E^. x {^^} and E2 := {^-^} x E'^-. 
Let 5" be the small disc centered at 0. Let tt : A — > be the family of Abelian 
surfaces such that ■n~^{t) = At., and tt : — > 5 the degenerating family of curves of 
genus 2 such that 7r~^(t) = 0^. Let ue be the same section of \{Oq) over S as in 
Proposition 4.5. Let ge^ :=l®dz be an element of X{Er) under the identification 
H^{Et-,Oe^Y — H^i^r,^\]^)- Then, there exists a natural identification aQ{0) = 
® (7e2- Let (7r(t) = ^dz{ImT{t))~^dz be the metric of TA/S and Qq/s the 
induced metric on TQ/S. Let || ■ ||q be the Quillen metric relative to these Kahler 
metrics. By Bismut's theorem ([Bi, Theoreme 3]), we get 

(7.19) lim{log \\ae{t)\\l + \ log \\tf - log(||a^, ||^ • ||^)} = -4C'(-1) 
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where 



(7.20) 



47r2(ImT)2 ' 



(If Zi denotes the coordinate of Ei centered at ii^, then we know 77(^1,^2) = 
Z1Z2 + -^^-\-0{t^) around S :=Sing0o and ^,-(0) = {lniT)~'^{\dzi\^ -\-\dz2\^). Thus, 
Bismut's condition that f\ (N^^^) <Si p^K = 7r*[0] is an isometry is equivalent to 

(7.20) and \\d\\j:\\ = 1.) Since 
(7.21) 

log|ke(t)||^ = ^logdetImT(t)-^log|C2X2(T(t))P, log||a£;J|| = log |CiA(t)|, 
and xi(t) = 2A(T)i, it follows from (7.18-21) that 



hm 71 ,, r-^- 

IksJIglksJIg 



(7.22) 



lim 



(detImT(t))6 



\t\'s 



*^o|C2X2(T(t))|3 (27r)^(ImT)i 



\C^A{r)\-s 



CI 



C|(27r)^ 



lim 

1 t^Q 



tA(T) 



= (- 



\2nC2 
V(27r)2C2 



X2(r(t)) 

2-\i(r) ' 
27rxi(r)^ 



= e-4C'(-i). 



As Ci = (27r)-i2 by (1.4), we get C2 = 2-"^ {27i)-^^e^^^' □ 

Corollary 7.1. C2,2 = 2-S07r-56e48C'(-i). 

Proof. By Theorem 6.1, 7.1, 7.2 and Proposition 7.1, we get 



(7.23) 



^2,2 — 



A2,2((l,0),r) ^ 4 ^ ^-80^-56g48C'(-l), Q 
X2(2t)4 2 
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Appendix. Proofs of (7.16), (7.17) and (7.18) 

Proof of (7.16). The third formula of (7.16) follows from [C-S, Chap.4, pp.104, 
(31)]. Since 

(A.l) e^oC^f = 2^oo(r)^io(r), ^oo(^)^oi(^) = ^oi(r)^ 

by [C-S, Chap.4, p. 104, (24)], we get the second formula. (Note that our notations 

of theta functions and those of [C-S, Chap.4] are related by 6*00 = ^3, ^10 = ^2, and 
^01 = ^4-) Let us prove the first formula. For simplicity, we write 0261 62 instead 

of ^ (aj,6j e {0, 1}). Put r(t) = I ) as in the proof of Proposition 

2222 Kit/ 

7.1. It follows from definition (cf. (3.2)) that 

(A.2) 

^oooo(0,T(t))= Yl 

exp 7ri [T(ni +7X2) + 2tnin2], 

ni,n26Z 



1 1 

^1000(0, T(t)) = Yl exp7rz[T{(mi + -)2 + n^} + 2t(mi + -)n2], 

mi ,n2 £Z 

^0100(0, T(t)) = J2 exp7rz[T{n? + (m2 + ^)^} + 2tni(m2 + ^)], 

ni,m2€Z 

^1100(0, T(t)) = J2 exp7rz[T{(mi + ^)2 + (m2 + ^)^} + 2t(mi + i)(m2 



Therefore, we get 

^'iioo^'oooo = ^exp7rz[T{(mi + + nl + (m2 + + nl) 
(A.3) +2t(mim2+nin2 + — + — + -)], 

^1000^0100 = Yi 7rz[T{(mi + ^)^ + nf + (777,2 + ^)^ + 
(A.4) +2t(min2 + nim2 + Y + y)] 



1, 

- 2' 



and 



r^2\ n n A 2S^f "^1 "^2 Ix 

|t=ofc'iioot'oooo = -47r 2^(mim2 + nin2 + + + t) 
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(A.5) X exp7rz[r{(mi + + n? + (ms + ^)^ + ni}], 

|t=o6'iooo6'oioo = -47r^ ^(mi?72 + nim2 + 
(A.6) X exp7ri[T{(mi + ^)2 +nl + {1712 + + n^}]. 

Since 

mi m2 1,0 ni ^2,0 

(mim2 + nin2 + + + 7) - ("71^2 + nim2 + + tt) 

(A.7) 11 1 1 

= (mi + 771 + -) (m2 + ^2 + -) (mi - m + -) (m2 - ^2 + -), 
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it follows from (A. 5) and (A. 6) that 
(A.8) 

1 1=0 (6*1 100^0000 — ^looo^oioo) 



= -Att^ + ni + ^)(m2 + 77,2 + - ni + ^)(m2 - ^2 + ^) 



2' 

X exp7ri[T{(mi + + nj + (ma + + nl}] 



^ 1111 

= -47r^ ^("^1 + ni + -)(m2 + n2 + - m + -)(m2 - "-2 + -) 

T 1 1 

X exp 7rz[-{(mi + 2 + ""i)^ + ("^1 + 2 ~ '^^''^ 
+ (m2 + ^ + na)^ + (ma + ^ - n2f}] 



m,n£Z 



k,l&Z,k=l{2) 



Since 



k,l€Z,k=l{2) 

k,l&Z,k=l{2) 



(A.9) 



-I E + ew^ir{{-k - 1 + 1)2 + (/ + 1)2} 

k,l€Z,k=l{2) 

- I E + I) exp7rzr{(fc + 1)^ + (/ + ^f} 

k,iez 

= ^ |E(-1)"^'(^+ ^)exp7rzr(n+ 1)4 
Inez J 

= i{^'''n(0,x)}^ = ix.W^ 

where we have used [Ml, I, Chap. I, Prop. 13.1] to get the last equality, it follows 
from (A.8) that 

(A.IO) a,%=o(^iioo^oooo - ^1000^0100) = -7r'xi(^)^- □ 

Proof of (7.17). For simplicity, put a(t) a(^) = ^1000, Pit) := Pi^) = 

^1100, 7(*) := 7(^) = ^0100, and 5{t) := 5{^) = ^oooo- It follows from (A.2) 
that 

(A.ll) a(0) = ^oo(r)^io(r), (3(0) = Oio{r)^ 

(A.12) 7(0) = ^oo(t)^io(t), 5(0) = ^oo(t)2 
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which yields 



(A. 13) 

= OooirfOioirfeoiiT)^ 

where we have used the third formula of (7.16) to get the third equality, and simi- 
larly 

(A.14) - (3\Q)a\Q) = Xi{rf9oi{rf, 

(A.15) /5(0)5(0) + 7(0)«(0) = 2^oo(T)'^lo(T)^ 

(A.16) a(0)/5(0)7(0)5(0) = ^oo(t)"^io(t)". 

Since /(r) = C A2(r)'* by Theorem 6.1 and A2(r) vanishes of order one along N2 — 
{t e 62; ri2 = T21 = 0} by Theorem 5.2, we find that /3{t)5{t) - 'f{t)a{t) = 0{f) 
ast^O. Since F((l, 0), r) = A{t) by (7.2) and 

(A.17) GUI, 0), ^) = (a(0)/?(0)7(0)5(0))^ 

by (7.14), it follows from (7.3) and (A.11-16) that 
(A.18) 

Jim = {aiOfSiOr - /?(0)^(0)n^{7(0)^5(0)^ - a(0)^/?(0)^}^ 

X {mm + 7(o)«(o)}^ . lim {pmt)-jit)ait)r 

X q;(0)^/3(0)S(0)^5(0)^ 
= {Xi(r)^^oi(r)nMxi(r)^^oi(T)n^ 

X {26'oo(''")^6'io(''")^}^ ■ {-c^t |t=o(6'iioo6'oooo — ^'looo^'oioo)}^ 

= (Xi(r)^^oi(r)^)^2^oo(r)^^io(r)2)2(yXi(^)')'(^oo(r)Xo(r)^)^ 
= 7r^Xi(T)Xi(T)^^oo(T)^°^io(T)^V(^)^ 

= 2Vxi(r)^^ 

where we have used the first formula of (7.16) to get the third equality, and the 
second of (7.16) to get the last one. □ 

Proof of (7.18). As is easily verified, even theta constants of genus 2 consist of 
the following: 

(A. 19) ^0000) ^1000: ^01005 ^0010: ^0001: ^llOOj ^OOll, ^1001: ^0110: 6*1111- 
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Since 



(A.20) Oa,a,bMQ,r{0)) = ea,bAO,r)ea,b,{0,r), 

it follows from (A. 19) and the definition of Xi = 1, 2) that 

(A.21) lim ^^^^ = xiirf ■ a,|,.o^nii(0, T(t)). 



As 



^llll(0,T(t)) 



(A.22) ^ ^ exp^^[.{(fc + I f + (/ + 1)2} + 2t(fc +!)(/ + i)] 

by definition (cf. (3.2)), it follows from (A. 9) that 

5|t=0^111l(0,T(t)) 

(A.23) = -2^^ E + + I) ew^^r[{{k + + {I + ^f}] 

k,l€Z 

which, together with (A.21), yields 

(A.24) lim^^^^ = -27rixi(T)^ □ 
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